Abstract. In this note we formulate some questions and make first steps in the study of approximations of reals by rationals of the form a/b 2 . Such approximations appear for instance in theory of Shrödinger equations. It is sad to note that the study of these approximations, which is interesting by itself, has been omitted. We hope to attract attention of specialists to this natural subject of number theory.
Introduction.
Some background. In this note we formulate some questions and make first steps in the study of approximations of reals by rationals of the form a/b 2 . Such approximations appear for instance in theory of Shrödinger equations, see [1] for further information. It is sad to note that the study of these approximations, which is interesting by itself, has been omitted. We hope to attract attention of specialists to this natural subject of number theory. Good references to theory of approximations by arbitrary algebraic numbers are for instance [6] , [4] and [5] , especially for approximations by quadratic irrationals, see [2] .
We start with formulation of one of the main results in classical approximation theory of reals by rationals (see [3] for the proofs). Similar results for the approximations by rationals of the form a/b 2 are not known. One of the reasons of that is the following: lattice geometry of continued fractions corresponding to the approximations by rationals can not be naturally expanded to the case of rationals a/b 2 .
In this note we show the following two simple estimates for the approximations of reals by rationals of the form a/b 2 . Lower bound: for any ε > 0 there exist a constant c and reals that can not be approximated by rationals a/b 2 better than c/b 3 ln 1+ε (b). Upper bound: for any positive constant ε any real α admits infinitely many rational approximations a/b 2 better than ε/b 2 .
Lower bound case.
For any positive ε denote
Note that the sum S(ε) exists for all positive ε. 
Proof. The proof is straightforward. One should calculate the sum of the measures of c/n 3 -neighborhoods of rationals m/n 2 for all pairs (m, n) such that n is positive and 0 ≤ m ≤ n 2 .
Here the following problem is actual.
Problem 1. Find any particular example of α that satisfies the condition of Theorem 1.1.
Upper bound case.
Let us enumerate all primes in the increasing order: p(1) = 2, p(2) = 3, p(3) = 5, and so on. For any positive integer n consider t such that
Put by definition: ξ(n) = p(t). 
For the proof of Theorem 2.1 we need the following statement and proposition. Consider two positive integers 0 < p < q, where q is prime. Denote by Proof. Suppose the inverse. Let the minimal positive integer t with p q = −1 be greater than √ q. It is not equal to √ q, since q is prime.
Further we use the following multiplicative property of Legendrian symbols:
Consider u = [ 
Proof . Now we have
Suppose now, that . By Proposition 2.2 we have
Finally, we obtain
This concludes the proof of Proposition 2.3.
Proof of Theorem 2.1. For any real α there exists an infinite sequence of solutions (u i , t i ), i > 0 for the inequality
Take an arbitrary positive integer i. Suppose, that t i = n 2 i p i,1 . . . p i,k i , where n i is integer and p i,1 , . . . , p i,k i are distinct primes. Let also p i,k be the largest prime (if k i > 0). By Proposition 2.3 there exist integers a i,0 and b i,0 such that 0 < b i,0 < p i,k i , and
.
Denote a i = a i,0 , and
So, for any fixed ε > 0, and for large enough i we have
The infinity of the number of the solutions is straightforward. Note, that solutions (a, b) and (at 2 , bt) are supposed to be different.
Numerical experiments support the following conjecture.
Conjecture 2. For any real α there exists a constant c(α) such that the inequality:
α − a b 2 < c(α) b 3 has infinitely many integer solutions (a, b).
We conclude this note with the following problem. The answer to this problem can essentially improve the estimate of Theorem 2.1.
Problem 3.
Find the estimates for the upper and lower bounds of the "best" approximations of reals by rationals of the form z/p, where z is integer, and p is prime or unity.
